In this paper we construct star products on a pseudo-Kähler manifold (M, ω, I) using a modification of the Fedosov method based on a different fibrewise product similar to the Wick product on C n . Having fixed the used connection to be the pseudo-Kähler connection these star products shall depend on certain data given by a formal series of closed two-forms on M and a certain formal series of symmetric contravariant tensor fields on M . In a first step we show that this construction is rich enough to obtain star products of every equivalence class by computing Deligne's characteristic class of these products. Among these products we uniquely characterize the ones which have the additional property to be of Wick type which means that the bidifferential operators describing the star products only differentiate with respect to holomorphic directions in the first argument and with respect to anti-holomorphic directions in the second argument. These star products are in fact strongly related to star products with separation of variables introduced and studied by Karabegov. This characterization gives rise to special conditions on the data that enter the Fedosov procedure. Moreover, we compare our results that are based on an obviously coordinate independent construction to those of Karabegov that were obtained by local considerations and give an independent proof of the fact that star products of Wick type are in bijection to formal series of closed two-forms of type (1, 1) on M . Using this result we finally succeed in showing that the given Fedosov construction is universal in the sense that it yields all star products of Wick type on a pseudo-Kähler manifold. Due to this result we can make some interesting observations concerning these star products; we can show that all these star products are of Vey type and in addition we can uniquely characterize the ones that have the complex conjugation incorporated as an anti-automorphism.
The paper is organized as follows: In Section 2 we establish our notation and remember some basic definitions that are needed in the context of star products of Wick type on pseudo-Kähler manifolds. Section 3 is devoted to the presentation of the Fedosov constructions using different fibrewise products. Moreover, we give explicit constructions for equivalence transformations relating the resulting star products that enable us using our result in [21, Thm. 4.4] to show that the given construction with • Wick is rich enough to obtain star products in every equivalence class. After this first important result we give a unique characterization of the star products of Wick type in Section 4 obtained from our construction in terms of the data that enter the Fedosov construction. In addition we can prove that the star products of Wick type only depend on a formal series of closed two-forms of type (1, 1) . In Section 5 we remember some results of Karabegov obtained in [15] and give elementary proofs of the important statements. Using these results we are in the position to prove the main result of the paper in Section 6 stating that every star product of Wick type (not only such a star product in every possible equivalence class) can be obtained by some adapted Fedosov construction. Using this fact we can draw some additional conclusions concerning the structure of such products, in particular we show that each such product is of Vey type. In Appendix A we have collected some notations and results concerning the splittings into holomorphic and anti-holomorphic part of the mappings that are essential for the Fedosov construction that make use of the presence of the complex structure I and that are important for the proofs and statements given in Sections 4 and 6. A further Appendix B is added for completeness providing some details on the application of Banach's fixed point theorem in the framework of the Fedosov construction which constitutes an important and simplifying tool for several proofs in Sections 3 and 4.
Conventions: By C ∞ (M ) we denote the complex-valued smooth functions and similarly Γ ∞ (T * M ) stands for the complex-valued smooth one-forms et cetera. Moreover, we use Einstein's summation convention in local expressions.
Acknowledgements: I would like to express my thanks to Stefan Waldmann for a careful reading of the manuscript and many comments and useful discussions. Moreover, I should like to thank Alexander V. Karabegov for the inspiring discussions that initiated the investigations of the topic of the paper. Finally, I want to thank the DFG-Graduiertenkolleg "Nichtlineare Differentialgleichungen -Modellierung, Theorie, Numerik, Visualisierung" for financial support.
Some Notations and Basic Definitions
Let (M, ω, I) denote a pseudo-Kähler manifold with dim R (M ) = 2n, i.e. (M, g) is a pseudoRiemannian (no positivity is required) manifold such that the almost complex structure I is an isometry with respect to g (g is Hermitian) and the almost complex structure is flat with respect to the Levi-Civita connection ∇ corresponding to g. Under these conditions it is known that M is a complex manifold such that the almost complex structure I coincides with the canonical complex structure of M and that ω defined by ω(X, Y ) := g(IX, Y ) for X, Y ∈ Γ ∞ (T M ) is a closed non-degenerate two-form and hence a symplectic form on M , the so-called pseudo-Kähler form. Moreover, one obviously has that ∇ defines a torsion free symplectic connection since ω is also flat with respect to the connection ∇ which is called the pseudo-Kähler connection. As g is Hermitian both g and ω are of type (1, 1) and in a local holomorphic chart of M one can write ω = i 2 g kl dz k ∧ dz l with a Hermitian non-degenerate matrix g kl = 2g(Z k , Z l ). Here Z k = ∂ z k and Z l = ∂ z l denote local base vector fields of type (1, 0) and of type (0, 1) (cf. Appendix A) that locally span the +i and −i eigenspaces T M 1,0 and T M 0,1 of the complex structure I.
The most simple example of a (pseudo-)Kähler manifold is given by C n endowed with the canonical (pseudo-)Kähler form ω 0 = i 2 δ kl dz k ∧ dz l . In this case it is well-known that one can define an associative product on the functions on C n that are polynomials in the coordinates (z, z) using the Wick resp. normal ordering of creation and annihilation operators. Replacing by ν i in the resulting formula for the product of two polynomial functions F, G on C n one obtains
From this explicit expression it is obvious that one obtains a star product, the so-called Wick product, also denoted by ⋆ Wick on (C n , ω 0 ) using this formula for f, g ∈ C ∞ (C n ) [[ν] ] instead of F, G. Considering the explicit shape of ⋆ Wick one immediately notices that f ⋆ Wick h coincides with the pointwise product of f and h for all holomorphic functions h ∈ O(C n ) and all f ∈ C ∞ (C n ). Moreover, we have h ′ ⋆ Wick g = h ′ g for all anti-holomorphic functions h ′ ∈ O(C n ) and all g ∈ C ∞ (C n ). In order to generalize this property of the star product ⋆ Wick to star products on an arbitrary pseudo-Kähler manifold the following definition offers itself: A star product on (M, ω, I) is called star product of Wick type if in a local holomorphic chart the describing bidifferential operators C r for r ≥ 1 have the shape
with certain coefficient functions C K;L r
. Obviously this characterization of star products of Wick type is a global notion on pseudo-Kähler manifolds which indeed is equivalent to the following (cf. Compared to the definition of a star product with separation of variables as introduced by Karabegov the rôles of holomorphic and anti-holomorphic directions are interchanged here and according to our convention for the sign of the Poisson bracket the star products with separation of variables that are considered by Karabegov are star products on (M, −ω, I). Briefly, this means that a star product ⋆ on (M, ω, I) is a star product of Wick type if and only if the opposite star product ⋆ opp which is defined by f ⋆ opp g := g ⋆ f for f, g ∈ C ∞ (M ) [[ν] ] is a star product with separation of variables on (M, −ω, I). In physics literature the star products with separation of variables on (M, ω, I) are usually called star products of anti-Wick type since in the example (C n , ω 0 ) they arise from the anti-Wick resp. anti-normal ordering of creation and annihilation operators. In this case an explicit formula can be obtained very easily and is given by
This example motivates the definition: 
There is a very simple relation between star products of Wick type and star products of antiWick type that can be established using the parity operator P defined by P := (−1) deg ν , where deg ν := ν∂ ν , that obviously satisfies P 2 = id. For any given star product ⋆ on (M, ω, I) we consider ⋆ P,opp defined by f ⋆ P,opp g := P((Pf ) ⋆ opp (Pg)) = P((Pg) ⋆ (Pf )) that again is a star product on (M, ω, I). Obviously the mapping ⋆ → ⋆ P,opp establishes a bijection on the set of star products on (M, ω, I) and from P 2 = id it is evident that ⋆ P,opp P,opp = ⋆. It follows from the very definitions that ⋆ is of Wick type resp. anti-Wick type if and only if ⋆ P,opp is of anti-Wick type resp. Wick type. Due to this relation we shall mostly restrict our attention to the investigation of star products of Wick type and deduce the respective analogous statements for the star products of anti-Wick type using the aforementioned mapping.
Fedosov Star Products, Equivalences and Characteristic Classes
In this section we shall briefly recall Fedosov's construction of star products using some different fibrewise products that are adapted to the special geometric situation on a pseudo-Kähler manifold and are modelled on the examples ⋆ Wick resp. ⋆ Wick on C n . Moreover, we shall relate the obtained star products to star products that are obtained using the usual fibrewise Weyl product as in Fedosov's original construction by explicitly constructing equivalence transformations between the different products. Using our result in [21, Thm. 4.4] and these equivalences it is trivial to compute the characteristic classes of the constructed star products. In addition we shall establish some further relations between the obtained star products.
In the following (M, ω, I) is a pseudo-Kähler manifold and ∇ denotes the corresponding pseudoKähler connection. The basis for Fedosov's construction (cf. [9, 10] ) is the following
If there is no possibility for confusion we simply write W ⊗Λ. By W ⊗Λ k we denote the elements of anti-symmetric degree k and set W := W ⊗Λ 0 . For a, b ∈ W ⊗Λ one defines their pointwise (undeformed) product denoted by µ(a ⊗ b) = ab by the symmetric ∨-product in the first factor and the anti-symmetric ∧-product in the second factor which turns W ⊗Λ into a super-commutative associative algebra. Then the degree-maps deg s , deg a , deg ν := ν∂ ν and Deg := deg s +2 deg ν are defined in the usual way and yield derivations with respect to µ. For a vector field X ∈ Γ ∞ (T M ) the symmetric resp. anti-symmetric insertion maps are denoted by i s (X) resp. i a (X) which are super-derivations of symmetric degree −1 resp. 0 and anti-symmetric degree 0 resp. −1. In local coordinates x 1 , . . . , x 2n for M as a real 2n-dimensional manifold we define δ := (1 ⊗ dx i )i s (∂ i ) and δ * := (dx i ⊗ 1)i a (∂ i ) satisfying the relations δ 2 = (δ * ) 2 = 0 and δδ * + δ * δ = deg s + deg a . Denoting the projection onto the part of symmetric and anti-symmetric degree 0 by σ :
where δ −1 a := 1 k+l δ * a for deg s a = ka, deg a a = la with k + l = 0 and δ −1 a := 0 else. Now we consider different fibrewise associative deformations of the pointwise product µ: For a, b ∈ W ⊗Λ the usual fibrewise Weyl product • F which was used in Fedosov's original construction is defined by a
where Λ ij denotes the components (in real coordinates) of the Poisson tensor corresponding to the symplectic form ω that are related to the ones of ω by the equation ω kj Λ ij = δ i k . Moreover, we can define the fibrewise Wick product • Wick by
and the fibrewise anti-Wick product by
where we have used local holomorphic coordinates of M as a n-dimensional complex manifold and the Poisson tensor is written as Λ = The considered fibrewise products turn out to be fibrewisely equivalent, i.e. we have
where the fibrewise equivalence transformation is given by
Because of the explicit shape of the fibrewise products • F , • Wick , • Wick it is obvious that δ is a super-derivation of anti-symmetric degree 1. In addition one immediately verifies that the total degree-map Deg is a derivation with respect to these products such that (W ⊗Λ, • ⋄ ) is a formally Deg-graded algebra, where again ⋄ stands for F, Wick or Wick. Using the pseudo-Kähler connection ∇ on T M that extends in the usual way to a connection on T * M and symmeric resp. anti-symmetric products thereof we define (using the same symbol as for the connection) the map ∇ on W ⊗Λ by ∇ := (1 ⊗ dx i )∇ ∂ i . Since the pseudo-Kähler connection is symplectic ∇ turns out to be a super-derivation of anti-symmetric degree 1 and symmetric degree 0 with respect to the fibrewise product • F . From the additional property of the pseudo-Kähler connection that ∇I = 0 one directly finds that [∇, ∆ fib ] = 0 and hence ∇ = S∇S −1 = S −1 ∇S. These relations together with equation (11) imply that ∇ is also a super-derivation with respect to the fibrewise products • Wick and • Wick . Moreover, [δ, ∇] = 0 since the pseudo-Kähler connection is torsion free and
2 involves the curvature of the connection. As consequences of the Bianchi identities R satisfies δR = ∇R = 0. Since ∇ commutes with S we also have
Here we again have used equation (11) and SR = R + 
Moreover,
from which r ⋄ can be determined recursively. In this case the Fedosov derivation
is a super-derivation of anti-symmetric degree 1 with respect to • ⋄ and has square zero:
be given as in (15) with r ⋄ as in (13) ii
which can be obtained by the following recursion formula
] is defined by pull-back of • ⋄ via τ ⋄ , which turns out to be a star product on (M, ω, I).
One first result concerning all the star products constructed above is the following: 
Proof: We write the term of total degree k = 0 in the Fedosov-Taylor series as
where τ ⋄ (f )
where we have written µ ⋄,k ( · , · ) for the fibrewise bidifferential operator occurring at order k ≥ 1 of the formal parameter in the fibrewise product • ⋄ . Now a lengthy but straightforward induction on the total degree yields:
is a differential operator of order k − l.
According to this lemma τ ⋄ (r−l+2k) r−l is a differential operator of order r − l + k and τ ⋄ (r+l−2k) r−l is a differential operator of order r − k. Observing the ranges of summation in the expression for C ⋄,r given above it is easy to see that the highest occurring order of differentiation is r in both arguments, proving the assertion.
In fact an analogous statement to the one of the above proposition which shall be published elsewhere [22] holds in even more general situations, where one can construct Fedosov-like products.
Another observation that is indeed rather technical but shall turn out to be useful and important in the next section is that one can restrict to elements s ⋄ that contain no part of symmetric degree 1 without omitting any of the possible star products in case one allows for all possible formal series of closed two-forms Ω ⋄ . 
where
] is a formal series of one-forms on M . In case one of the conditions in (18) is fulfilled obviously the star products * ⋄ and * ′ ⋄ coincide. 
From these equations one obtains with σ(A ⋄ ) = 0 using the decomposition δδ
1 which is at least of total degree 2. Now L raises the total degree at least by 1 and using Banach's fixed point theorem (cf. Corollary B.3 ii.)) we obtain that L has a unique fixed point. But as well A ⋄ as (trivially) 0 are fixed points of L yielding A ⋄ = 0 by uniqueness and hence r
The statement of the preceding lemma now means the following: Starting with a formal series Ω ⋄ of closed two-forms and an element s ⋄ with σ(s ⋄ ) = 0 that in addition contains no part of symmetric degree 1 and passing over to the normalization condition s ⋄ = s ⋄ + B ⋄ ⊗ 1 is equivalent to passing over to Ω ⋄ + dB ⋄ sticking to the normalization condition s ⋄ . Hence we may without loss of generality restrict to normalization conditions shaped like s ⋄ provided that we allow for arbitrarily varying closed two-forms Ω ⋄ . Now we shall compute Deligne's characteristic class of the star products * F , * Wick and * Wick constructed above showing that one can obtain star products of every given equivalence class with each of the above fibrewise products • F , • Wick and • Wick by suitable choice of the closed two-forms Ω F , Ω Wick and Ω Wick . For details on the definition of Deligne's characteristic class and methods to compute it the reader is referred to [7, 12, 13, 21] .
Proposition 3.6 Consider the star products constructed according to Theorem 3.2 iii.). i.) Deligne's characteristic classes
where ρ denotes the Ricci form which is the closed two-form given by ρ = − i 2 R ij dz i ∧ dz j resp. ∆ fib R = 1⊗ ρ and R ij denotes the components of the Ricci tensor in a local holomorphic chart.
ii.) Because of the properties of the characteristic class i.) implies that two star products * ⋄ and
one-forms on M and an equivalence transformation can be constructed in the following way: There is a uniquely determined element
For this h ⋄ one has
] the inverse of which is given by A
Proof: The characteristic class of * F has been determined in [21, Thm. 4.4] and is given by the above expression. We consider a Fedosov derivation 
⊗ Ω Wick and hence from the first statement of the proposition we get c( *
i . But this implies the result on the characteristic class of * Wick as it is straightforward using the relation between D Wick and D (20) for D ⋄ h ⋄ and applying δ −1 to the obtained equation one gets using δδ −1 + δ −1 δ + σ = id and σ(h ⋄ ) = 0 that h ⋄ has to satisfy the equation
Taking into account the total degrees of the involved mappings it is easy to see that the right-hand side of this equation is of the form Lh ⋄ , where L is a contracting mapping and again from Banach's fixed point theorem (cf. Corollary B.3 i.)) we get the existence and uniqueness of the element h ⋄ satisfying h ⋄ = Lh ⋄ . Now it remains to prove that this fixed point h ⋄ actually solves (20) . To this end one defines
, where R h⋄,r ′ ⋄ ,r⋄ is a linear mapping that does not decrease the total degree. The explicit shape of R h⋄,r ′ ⋄ ,r⋄ is of minor importance. Using δ −1 A ⋄ = σ(A ⋄ ) = 0 this yields that A ⋄ satisfies
Again this is a fixed point equation with a unique solution, but as R h⋄,r ′ ⋄ ,r⋄ is linear 0 also solves this fixed point equation implying A ⋄ = 0 and hence h ⋄ with Lh ⋄ = h ⋄ actually solves (20) . Now as in i.) it is straighforward to conclude from
Using the preceding proposition we are in the position to decide under which conditions on the respective data (s F , Ω F ), (s Wick , Ω Wick ) and (s Wick , Ω Wick ) the star products * F , * Wick and * Wick are equivalent and in this case we can moreover explicitly give an equivalence transformation using suitable combinations of the constructed transformations given in the proof of the proposition.
To conclude this section we shall now give a condition on the data (s Wick , Ω Wick ) and (s Wick , Ω Wick ) under which we have that * Wick = ( * Wick ) P,opp which shall enable us to restrict all our further considerations to star products of Wick type, since from this relation we can immediately deduce the corresponding statement about the corresponding star product of anti-Wick type. 
Proof: First we observe that P(a 
] and using this equation the proof of (23) is straightforward.
Unique Characterization of the Star Products of Wick Type
In this section we shall uniquely characterize the star products of Wick type among the star products * Wick constructed in the preceding section, which actually not all are of Wick type although the fibrewise product • Wick used to obtain them is of this shape. Throughout the whole section we shall assume that D Wick is a Fedosov derivation constructed as in Theorem 3.1 using an element s Wick as normalization condition for r Wick that contains no part of symmetric degree 1, which according to Lemma 3.5 represents no restriction for the obtained star products. Throughout this section we shall extensively make use of the notations and results given in Appendix A that are crucial for our investigations. In [5] Bordemann and Waldmann have considered the star product * Wick in case s Wick = Ω Wick = 0 and have shown that the resulting star product is of Wick type. In their proof some special property of the element r Wick determining the Fedosov derivation was crucial. In this special case one has according to [5, Lemma 4.5] for all q, p ≥ 0 that
Particularly this means that in this case r Wick contains no part of symmetric degree 1. But in case Ω Wick = 0 one immediately finds that r
Wick contains for some k ≥ 1 a summand of the shape ν k δ −1 (1 ⊗ Ω Wick,k ). On the other hand one cannot do without allowing for Ω Wick = 0 as to obtain star products of arbitrary characteristic class because of Proposition 3.6. The only way out can consist in showing that a weaker condition on r Wick than (24) which can also be satisfied for Ω Wick = 0 suffices to guarantee that the resulting star product is of Wick type. The results of Karabegov on the classification of star products of Wick type now suggest that the case, where Ω Wick is of type (1, 1) should be of special interest. 
Hence π z r Wick = π z r Wick = 0 if and only if Ω Wick is of type (1, 1) and π z s Wick = π z s Wick = 0.
Proof: We first show the equivalence (25) and first let π z (1 ⊗ Ω Wick ) = π z s Wick = 0. Applying π z to the equations that determine r Wick we obtain using the formulas given in Appendix A that π z r Wick satisfies the equations
Using δ z −1 δ z + δ z δ z −1 + π z = id these equations yield after some easy manipulations that π z r Wick is a fixed point of the mapping L :
that raises the total degree at least by 1 and hence has a unique fixed point according to Corollary B.3 iii.). Obviously L has 0 as trivial fixed point implying that π z r Wick = 0 by uniqueness. For the other direction of the equivalence let π z r Wick = 0 and again apply π z to the equations that determine r Wick then it is very easy to see that π z r Wick = 0 implies that π z (1 ⊗ Ω Wick ) = 0 and π z s Wick = 0. For the proof of (26) one proceeds completely analogously.
An important consequence of the presence of the complex structure on M is that the explicit expression for f * Wick g does not depend on the complete Fedosov-Taylor series of f and g but only on the holomorphic part of τ Wick (f ) and the anti-holomorphic part of τ Wick (g). To see this fact we just observe that the properties of π z and π z given in Appendix A imply that
This observation raises the question whether it is possible to find more simple recursion formulas for π z τ Wick (f ) and π z τ Wick (g) than the one for the whole Fedosov-Taylor series, since these would completely determine the star product * Wick . Under the preconditions π z r Wick = 0 and π z r Wick = 0 this question can be answered positively as we state it in the following proposition. 
In this case π z τ Wick (f ) is uniquely determined from this equation since σ(π z τ Wick (f )) = f and can be computed recursively for f ∈ C ∞ (M ) from
ii.) If π z r Wick = 0 then π z τ Wick (f ) satisfies the equation
Proof: Applying π z to the equation
] we obtain using π z r Wick = 0 that
But again this fixed point is unique and so we get A = 0 implying that b f solves the equation that is solved by π z τ Wick (f ) proving that π z τ Wick (f ) is uniquely determined by (28) and can be obtained recursively from (29). For the proof of ii.) one proceeds completely analogously.
An easy consequence of the preceding proposition is:
ii.) If π z r Wick = 0 then we have for all h ∈ C ∞ (M ) with h| U ∈ O(U ) that
Proof: To prove (32) it suffices to show that h ′ | U satisfies the equation that determines π z τ Wick (h ′ )| U . But this is an easy computation using that ∇ z h ′ | U = 0 since h ′ ∈ O(U ) and again that π z r Wick = 0. The proof of ii.) is completely analogous.
With the results collected up to now we are already in the position to give a sufficient condition on which the star product * Wick is of Wick type. 
Our next aim is to see that the conditions given in the above proposition are not only sufficient but even necessary for the equations (34) and (35) to hold. To prove this we need the following two lemmas. 
i.) If we have for all
ii.) If we have for all h ∈ C ∞ (M ) with h| U ∈ O(U ) that the Fedosov-Taylor series satisfies
Proof: We apply π z to the equation D Wick τ Wick (h ′ ) = 0 and restrict the obtained equation to U and get using π z τ Wick (h ′ )| U = h ′ | U and considering the term of total degree l ≥ 1 that
for all l ≥ 1. Now we shall show by induction on the total degree that this equation actually implies π z r Wick = 0. Let (z, V ) be a local holomorphic chart of M and let χ ∈ C ∞ (M ) be a function with supp(χ) ⊆ V and χ| U = 1, where
We now use the above equation for h ′ = χz k and for l = 1 yielding 0 =
Consequently the only non-vanishing terms in π z r
Wick | U can only be of symmetric degree 0 as g is non-degenerate. But from the recursion formula for r Wick 
i.) If we have
Proof: It is easy to compute that h
(2s−r) )). Since the summand corresponding to the summation index s is of ν-degree s the condition h ′ * Wick g| U = h ′ g| U implies that we have
We first consider the case s = 1. Now let (z, V ) be a holomorphic chart of M and let χ ∈ C ∞ (M ) with supp(χ) ⊆ V and χ| U ′ = 1 for some open subset U ′ ⊆ V with U ∩ U ′ = ∅. Then we consider the functions χz k ∈ C ∞ (M ) and from τ Wick (χz k ) (1) | U∩U ′ = dz k | U∩U ′ we get from the above equation using g = χz
As the symmetric degree of π z τ Wick (h ′ ) (1) is 1 and g is non-degenerate we conclude that π z τ Wick (h ′ ) (1) | U∩U ′ = 0. Repeating this argument with all holomorphic charts such that U ∩ U ′ = ∅ we finally obtain π z τ Wick (h ′ ) (1) | U = 0. Now we want to use induction on the total degree to show that the assumption actually implies π z τ Wick (h ′ ) (r) | U = 0 for all r ≥ 1. To this end we need the following:
Proof: As the functions χz k are locally anti-holomorphic on U ′ and as χ r | U ′ = 1 for r ∈ N we have
To this equation we apply τ Wick and consider the term of total degree s and get
For s < r at least one l i is equal to 0 and we get the first assertion since z(p) = 0 and
For s = r the only summand that does not vanish at p is the one for l 1 = . . . = l r = 1 and observing that τ Wick (χz ki )| U ′ = dz ki | U ′ the explicit shape of • Wick implies the second statement of the sublemma. ▽ We now assume that π z τ Wick (h ′ ) (r) | U = 0 for 1 ≤ r ≤ m − 1, where m ≥ 2. Using the equation Altogether we now have shown: i.)
ii.) 
Proof: We want to prove the statement by induction on the total degree and hence we explicitly write the term of total degree k ≥ 3 of equation (22) as
where B r denotes the r th Bernoulli number that arises from the Taylor expansion of
which is given by
r . For k = 3 this yields using (2) ) and hence we get using Lemma A.2 and π z r Wick = π z r 
From the induction hypothesis we have δ z −1 (∇ z π z h Wick (k−1) ) = 0. Moreover, we have using equation (81) that π z (ad Wick (r
Wick ). Here the first summand vanishes since * Wick is of Wick type whereas the second one vanishes by induction observing that Using this result we can show that the star products * Wick and * ′ Wick are not only equivalent but even equal. 
. Now the terms occurring in the sum are of the shape
with certain elements A, B ∈ W. From the preceding lemma we have that both types of terms vanish and hence A h Wick = id. One should observe that the star products * Wick resp. * Wick that are not of Wick resp. antiWick type actually do depend on s Wick resp. s Wick . But in view of the above proposition and the corollary we can always choose the simplest normalization condition s Wick = 0 resp. s Wick = 0 when considering star products * Wick resp. * Wick of Wick resp. anti-Wick type. Hence the Fedosov construction induces mappings
1 Ω = Ω} that shall turn out to be bijections. In order to prove this we shall translate some of the results of Karabegov obtained in [15] to the situation of star products of Wick type in the next section.
Identification of Star Products of Wick Type using Karabegov's Method
In this section we shall briefly report some general facts on star products of Wick type that shall enable us to identify the Fedosov star products of Wick type. Moreover, we give a direct elementary proof (independent of a construction of such star products) of the fact that star products of Wick type can be uniquely characterized by some local equations. 
Observe that we are using a different sign convention for the Poisson bracket causing the opposite sign in the above formula compared to the one in [15] . Analogously one has that there are locally defined formal functions
Using the fact that ⋆ Wick is a star product of Wick type one can show (cf. [15, Lemma 2] ) that the local functions
for all f ∈ C ∞ (V ) [[ν] ]. Moreover, Karabegov considers locally defined formal series of one-forms
given by α := −u k dz k which is of type (1, 0) and β := v l dz l which is of type (0, 1). As the ⋆ Wick -right-multiplication with u k obviously commutes with the ⋆ Wick -leftmultiplication with v l one in addition obtains from (49) that ∂α = ∂β. Moreover, one can show that this procedure yields a formal series of closed two-forms of type (1, 1) on M that does not depend on any of the choices made. In the following the so-defined formal two-form that can be associated to any star product ⋆ Wick of Wick type shall be denoted by K(⋆ Wick ) and is referred to as Karabegov's characterizing form. It is easy to see from the very definition that 
and
hold for all f ∈ C ∞ (V ) [[ν] ]. Altogether one has the following theorem:
] associates a formal series of closed two-forms of type (1, 1) on M which is a deformation of the pseudo-Kähler form ω to this star product. In case
Conversely in [15, Sect. 4] Karabegov has shown that to each such form K as in the preceding theorem one can assign a star product of Wick type such that the characterizing form of this star product actually coincides with this given K. To this end Karabegov has given an explicit construction of such a star product extensively using local considerations. We now want to show that a star product of Wick type in fact is completely determined by its characterizing form which shall turn out to be the key result for the proof that one can construct all star products of Wick type on a pseudo-Kähler manifold using Fedosov's method with a suitably chosen Ω Wick . 
then ⋆ Wick and ⋆ ′ Wick coincide.
Proof: We assume that the bidifferential operators C i and C ′ i describing the star products ⋆ Wick and ⋆ ′ Wick coincide for 0 ≤ i ≤ k −1, where k ≥ 1 and want to show that this implies that C k = C ′ k proving by induction that the star products coincide since all star products coincide in zeroth order of ν. From the associativity of both star products at the order k of ν one gets using the induction hypothesis that C k − C ′ k is a Hochschild cocycle. According to the Hochschild-Kostant-Rosenberg-Theorem we thus have that there is a differential operator B on C ∞ (M ) and a two-form
Here X f denotes the Hamiltonian vector field corresponding to the function f , δ H denotes the Hochschild differential and as C k and C ′ k vanish on constants δ H B also vanishes on constants. Taking the anti-symmetric part of the obtained equation and using that δ H B is symmetric we get
Now let z denote a holomorphic chart on U γ . Since the bidifferential operator (f, g) → A(X f , X g ) is obviously one-differential it is enough to evaluate it on the coordinate functions z m and z l to determine A. Using the fact that ⋆ Wick and ⋆ ′ Wick are of Wick type we evidently have
Repeating the same argument for all γ ∈ J and a corresponding local holomorphic chart this yields with the fact that g is non-degenerate that A is of type (1, 1) and in a local chart we write
To proceed we also need some special property of the symmetric part δ H B of C k − C ′ k .
Sublemma 5.3 Let δ H B be a bidifferential operator vanishing on constants that in local holomorphic
where C kl denotes the components of a tensor field C ∈ Γ ∞ (T M ⊗ T M ) of type (1, 1) . 
Here one has to observe that |K| and |L| are at least one since δ H B vanishes on constants.
From this we may conclude that
Altogether the proven local equations prove the statement since it is easy to see that the local functions C ij define a tensor field. ▽ From the fact that both star products are of Wick type it is obvious that (δ H B)(f, g) = f ) ) is of the shape as in the sublemma yielding
Again using that the star products are of Wick type this implies C nl = −4A ij g il g nj and finally
But now we need the conditions (51) resp. (52) to proceed with the proof. Considering (51) in order k of the formal parameter we get from the induction hypothesis that
, where ϕ γ0 denotes a Kähler potential for ω on U γ . Using the expression for C k − C ′ k derived above this yields 0 = −4iA nj g mj Z m (f ) and hence A nj = 0. As γ ∈ J was arbitrary we get A = 0 proving i.). The final step to prove ii.) is analogous.
The statement of this theorem means that a star product of Wick type is uniquely determined by one of the equations (50) in case it is valid in every holomorphic chart (z, V ) and hence it is determined by K. 
where (z, V ) is a holomorphic chart and f ∈ C ∞ (V ) 
where (z, V ) is a local holomorphic chart of M . Denoting by ϕ 0 a local Kähler potential of ω on V we obviously have
since the Lie derivative commutes with σ. Defining u k0 := Z k (ϕ 0 ) we thus have to show the existence of local formal functions
For the further computations we need the following formula:
Lemma 6.1 For all vector fields X ∈ Γ ∞ (T M ) the Lie derivative L X : W ⊗Λ → W ⊗Λ can be expressed in the following way:
Proof: The proof of this formula is the same as for the analogous formula using Using the preceding lemma for X = Z k we get
where we have used that ∇ Z m Z k = 0 and the obvious equations
where we have used σ = π z π z and (81). Obviously we have π z a k = 0 and π z a k = a k since ω is of type (1, 1) and π z i a (Z k )r Wick = i a (Z k )π z r Wick = 0 from Theorem 4.9 such that we finally obtain
From this equation it is obvious that π z i a (Z k )r Wick − a k has to be strongly related to the FedosovTaylor series of the function u k that is to be found and we have: 
Proof: For the proof we compute using equation (57) −νδ
where the last equality follows from the fact that * Wick is of Wick type.
So it remains to show that there exist such local functions as in (58) and to get more information about their concrete shape. 
iii.) Karabegov 
Further we obtain by reason of
and the proposition is proven.
Slightly modifying the proofs of Lemma 6.2 and Proposition 6.3 one can also show the existence of locally defined formal functions
For completeness we just give the results and omit the proof since by Theorem 5.2 it is enough to know the properties of one of the functions u k resp. v l to be able to identify the star product * Wick . Moreover, the proofs given above can easily be transferred to the following statements. 
Proposition 6.5 With the notation of Lemma 6.4 one has the following statements:
iii.) Here also Karabegov 
The assertions iii.) and iv.) of Propositions 6.3 and 6.5 represent the generalizations of the theorem proven by Karabegov in [17, Sect. 4] for the special case Ω Wick = 0. In the following corollary we just collect the more or less trivial analogous statements for the star products * Wick of anti-Wick type. 
Denoting by ϕ a local formal Kähler potential of K( * Wick ), i.e. ∂∂ϕ| V = K( * Wick ) and defining
where (z, V ) is a holomorphic chart and f ∈ C ∞ (V ) [ 
Using the Fedosov construction for Ω Wick = K(⋆ Wick ) − ω we have from Propositions 6.3 and 6.5 that Proof: With the results of Proposition 6.3 iii.) resp. Corollary 6.6 and Proposition 3.6 i.) the statements are obviously true for the star products * Wick resp. * Wick of Wick resp. anti-Wick type. But as the Fedosov constructions are universal for these types of star products they in fact hold in general.
Another application of our results is the unique characterization of the Hermitian star products of Wick and of anti-Wick type that is those star products that have the complex conjugation denoted by C incorporated as an anti-automorphism (cf. [21, Sect. 5] ). of the obtained star products just using their construction and there is no need to have explicit closed formulas for the star products. So it might be useful to consider the following questions and topics in this framework:
i.) It should be possible to study representations of the star products of Wick type and of antiWick type within Fedosov's framework. Moreover, the question of Morita equivalence of these star products can be discussed in this setting by explicitly constructing equivalence bimodules which is subject of the work [23] .
ii.) With a more detailed understanding of the representation theory of the considered star products it should be possible to establish a relation to geometric quantization and to BerezinToeplitz quantization starting from the formal framework (cf. [18] ).
iii.) For a star product ⋆ Wick of Wick type one can define the formal Berezin transform B as the unique formal series of differential operators on C ∞ (M ) such that for any open subset U ⊆ M and f, g ∈ C ∞ (M ) with f | U ∈ O(U ), g| U ∈ O(U ) the relation B(f g) = f ⋆ Wick g holds. Then the star product ⋆ Wick defined by f ⋆ Wick g := B −1 ((Bf ) ⋆ Wick (Bg)) turns out to be a star product of anti-Wick type and it would be interesting to find a relation between K(⋆ Wick ) and K(⋆ Wick ) in this case and to obtain a more explicit description of B.
iv.) Finally it should be possible to consider different ways of obtaining star products (possibly of Wick resp. anti-Wick type) by phase space reduction (for instance BRST quantization as in [3] , or the analogue of the procedure in [11] ) in case there is a group acting on (M, ω, I) not only preserving the symplectic form but also the complex structure. Again this will be discussed in a forthcoming project.
Here
For a ∈ W ⊗Λ with (dz i ⊗ 1)i s (Z i )a = ka and (1 ⊗ dz i )i a (Z i )a = la we analogously define δ z −1 a := 1 k+l δ z * a in case k + l = 0 0 in case k + l = 0 .
In the following two lemmas we just collect some properties of the defined splittings of the mappings δ, δ −1 and ∇.
Lemma A.2 For all a ∈ W ⊗Λ we have the decompositions δ z −1 δ z a + δ z δ z −1 a + π z a = a and δ z −1 δ z a + δ z δ z −1 a + π z a = a.
Furthermore, we have the following relations:
Lemma B.1 Let (M, d) be a complete metric space and let L : M → M be a contracting mapping, then L has a unique fixed point x 0 ∈ M that can be obtained by iteration x 0 = lim n→∞ L n (x), where x ∈ M is arbitrary.
The idea for the following application of this statement on the one hand is to find an appropriate metric such that the considered space becomes a complete metric space and on the other hand to guarantee that the relevant mappings are contracting with respect to this metric. Now let R denote a ring. Then we consider the Cartesian product V := X ∞ k=0 V k of R-modules V k for k ∈ N which again is a R-module. We define the order of an element v = (v k Since the Fedosov algebra W ⊗Λ is equal to the Cartesian product W ⊗Λ = X ∞ k=0 (W ⊗Λ) (k) , where (W ⊗Λ) (k) denotes the subspace of the elements that are homogeneous of degree k with respect to the total degree, i.e. Dega = ka for all a ∈ (W ⊗Λ) (k) , we can apply the above lemma and obtain: Proof: The statements i.) and ii.) are obvious from the very definitions. For the proof of iii.) one just has to observe that the continuity of π and the fact that π is a projection imply that π(W ⊗Λ) = ker(id−π) ⊆ W ⊗Λ is closed and hence a complete ultrametric space with respect to the restriction of the metric on W ⊗Λ to π(W ⊗Λ).
